We present the method and compute the strong couplings of the lowest and first orbitally excited heavy-light mesons to a soft pion in the static heavy quark limit on the lattice. Besides the usualĝ and g couplings, we were able to make the first computation of the coupling h using the relevant radial distributions. Our results are obtained from the simulations of QCD with N f = 2 light Wilson-Clover quarks, combined with the improved static quark action. The hierarchy among couplings that emerges from our study is g <ĝ < h.
Introduction
A lattice QCD estimate of the pionic couplings to the pair of heavy-light mesons belonging to the same or different doublet(s) is important for at least three reasons: (i) They parameterize the hadronic matrix element relevant to the kinematically allowed D * → Dπ, D * 0 → Dπ, D ′ 1 → D * 0 π, and the similar B-decay modes when they are kinematically allowed; (ii) They help us understanding better the viability of various model-approaches used in describing the hadronic interactions at low energies, that are still used whenever the calculations based on simulations of QCD on the lattice cannot be made. Furthermore, these couplings are helpful in understanding the dynamics in crossed channels that are expected to drive the behavior of the desired D → π and B → π form factors; (iii) They enter the expressions derived in heavy meson chiral perturbation theory (HMChPT) that are used to guide the chiral extrapolations of the B-physics quantities computed on the lattice.
The simplest such a quantity is the so calledĝ coupling that essentially represents the hadronic matrix element of the light axial current between the meson states belonging to the j P ℓ = (1/2) − doublet. It was computed in the static heavy quark limit on the lattice, first in the quenched approximation (N f = 0) [1, 2] , and later on by including N f = 2 dynamical quark flavors [3, 4, 5, 6] . For the propagating charm quark this coupling has been computed in refs. [7, 8] and it turned out to be considerably larger than in the static heavy quark limit. Moreover, the values forĝ-coupling obtained in lattice QCD were much larger than the ones obtained by using various QCD sum rules techniques (c.f. ref. [9] and references therein) widely used in the B-physics phenomenology. Finally, the result obtained with the propagating charm quark appeared to be consistent with the experimentally established vector meson width Γ(D * ) [10] . Similar pionic couplings that relate an orbitally excited and the lowest pseudo-scalar heavy-light mesons are harder to compute, especially in the static heavy quark limit. To our knowledge the only attempt in that direction has been made in ref. [11] , where the authors computed the B * 0 → Bπ decay amplitude in the static heavy quark limit directly, without relying on the soft pion theorem.
We remind the reader that the heavy-light meson states belonging to the j In our recent paper [12] we presented the results of our study of the radial distributions of the light quark axial current density sandwiched by the static meson states both belonging to either j P ℓ = (1/2) − or (1/2) + doublets. That study was a continuation of the research made in ref. [13] in which we implemented the improved form of the Wilson line on the lattice (static heavy quark propagator) by using the so-called hyper-cubic blocking (HYP), a procedure described in detail in refs. [14, 15] . We showed that the accuracy of the lattice data can be further improved by applying the HYP blocking on the heavy spectator quark twice. Later on the radial distributions reported in ref. [12] were compared with those obtained in two classes of quark models and a striking qualitative and even quantitative agreement has been found [16] .
The integration of the radial distributions of the light axial current densities leads to the pionic couplingsĝ and g, for the case of heavy-light mesons belonging to j P ℓ = (1/2) − and (1/2) + , respectively. The fact that we were able to study the radial distributions to a good accuracy opened a possibility for computing the axial coupling h, that relates the heavy light mesons belonging to two different doublets, such as the one that parameterizes the hadronic amplitude in B * 0 → Bπ decay, i.e. the scalar to pseudoscalar decay with the emission of an S-wave pion.
In the following we will describe how the coupling h can be computed on the lattice in the static heavy quark limit. We will remind the reader of the difficulties encountered in the study of h, and present our solution of the problem. We will then present the numerical results from our lattice QCD calculations with N f = 2 dynamical quark flavors of Wilson type. In addition, we will provide the other couplings,ĝ and g, that are then combined with h-coupling in the combined chiral extrapolation.
Methodology

Definitions and relevant hadronic matrix elements
We begin by explaining the method to get the h-coupling in the soft pion limit. The starting point is the hadronic matrix element of the light quark axial current between the scalar (B * 0 ), and the pseudoscalar (B) mesons,
where A ± (q 2 ) are two Lorentz invariant form factors, functions of the momentum transfer q 2 = (p − p ′ ) 2 , and the charged light axial current is A µ =ūγ µ γ 5 d, that in the following will be denoted as A µ =qγ µ γ 5 q, reflecting the fact that we take the quarks to be degenerate in mass, m u = m d ≡ m q . After taking the divergence of the axial current in the soft pion limit we have,
On the other hand, by means of the reduction formula,
so that by defining
in the same limit, q 2 → 0, we have
The definition which relates the coupling g B * 0 Bπ with the coupling h, that appear in the chiral Lagrangian [17] , reads
and therefore in the static heavy quark mass limit we can identify,
This coupling describes the emission of the S-wave soft pion off the B * 0 meson, i.e.
and similarly for the charmed heavy-light mesons.
The main goal of the present paper is therefore the extraction of the form factor A + (0). To ensure the standard heavy quark effective theory (HQET) normalization of states,
, and by taking both in and out states to be at rest, we rewrite
where we introduced ∆ = m B * 0 − m B , the mass difference between the lowest orbitally excited heavy-light meson and its L = 0 counterpart. In the static heavy quark limit (m b → ∞) we finally have,
Notice that the argument of the form factor is non-zero even in the static heavy quark limit (∆ = 0) because the two mesons belong to different doublets of heavy-light meson states. In order to go from A + (∆ 2 ) to the coupling h = A + (0), an extra step is needed. Before we discuss that issue, we will spend some time explaining how the A + (∆ 2 ) is computed on the lattice.
Extraction of
) from the correlation functions computed on the lattice On the lattice we first compute the following three-point correlation functions
where . . . U denotes the average over independent gauge field configurations, the interpolating operators for the pseudoscalar and scalar heavy-light mesons are respectively P =hγ 5 q and S =hIq, with h(x) and q(x) being the static heavy and the light quark fields respectively. The purpose of computing the elastic correlation functions, C P V P,SV S (t y , t x ) with V 0 =qγ 0 q, is to eliminate the interpolating source operators. Those elastic matrix elements are fixed by the electric charge conservation and, after accounting for the appropriate renormalization constant, the relevant form factors are simply equal to one. To extract A + (∆ 2 ) we adopt the strategy of double-ratios and compute
where an extra "−" sign accounts for the fact that the matrix elements for the pion emission and the pion absorption have opposite signs. In terms of quark propagators
where we used the γ 5 -hermiticity of the quark propagator in the euclidean space, S † q (x, y) = γ 5 S q (y, x)γ 5 . In addition, we wrote the static quark propagator as (1 + γ 0 )/2 × W y x , with the Wilson line being
The latter is merely obtained from the discretized static heavy quark action [18] 
where for the time component of the link variable, U impr. 0
, we use several improved schemes discussed in our previous paper [12] . Improvement of the discretized Wilson line is essential as it ensures the exponential improvement of the signal to noise ratio in the correlation functions with respect to what is obtained by using the simple product of link variables [19] . Similarly, other correlation functions are computed as
In the following we drop the dependence on t y as this time is kept fixed to one or several values that are sufficiently large so that the lowest lying state would be isolated. In practice we actually check that by reversing the roles of t x and t y our results remain stable. The use of improved static heavy quark actions is essential because we also need the signal to be good enough at large time separations between the source operators. However some efficient smearing of the sources is welcome in order to have both sources sufficiently far away from the light quark current inserted between them, and therefore that the desired matrix element can be isolated. We use the smearing proposed in ref. [20] , that we already discussed in our previous papers [4] , which consists in replacing the source operatorsh(x)Γq(x) →h(x)Γq S (x), where Γ is a Dirac matrix, and
with ϕ(r) = e −r/R (r + 1/2) 2 . After inspection we find the smearing to be efficient for R = 3 and R max = 5. To make sure that the values we obtain are correct, we also tried the standard method of extracting the form factors from the three point functions, by dividing out the source operators obtained from the fit to two-point correlation functions computed on the lattice, i.e.,
We made that exercise by including either one or two exponentials on the right hand side in order to check the stability of our results. With all these checks we were able to find the stability window in time, that indeed leaves the form factor A + (∆ 2 ) unchanged.
Going to q
As we already mentioned, the information we obtain from the study of the three point correlation functions with both source operators at rest is the form factor A + (∆ 2 ), while we actually need A + (0). Going to q 2 = 0 would require a momentum injection to one of the source operators, which is particularly complicated to do in the case of static heavy-light mesons. Furthermore, tuning the three-momentum to | p − p ′ | = ∆ is very difficult too. This is where our experience with radial distributions of various light quark current matrix elements becomes useful. We follow the same procedure employed in ref. [12] and compute the radial distribution of the correlation function C P AS , namely
that leads to
for the sufficiently large time separations among operators. Note that we place one source operator at t x < 0 and the other at t y > 0, while the light quark axial current, A 0 =qγ 0 γ 5 q, is fixed at the origin of the lattice. The shape of the function f P AS (r) for one representative value of the light quark mass is shown in fig. 1 . We checked that the integral,
indeed reproduces the form factor value obtained from the double ratio (13) , even if with slightly larger error bars. To get the form factor at q 2 = ∆ 2 we then give the momentum q = (0, 0, q z ), by taking the Fourier transform,
Obviously, by taking q z = ∆ ≡ E − E, that we easily extract from the study of the time dependence of two point correlation functions, as indicated in eq. (19), we get the desired form factor A + (0), namely
Since the mass dependence in renormalization constants with improved Wilson action on the lattice cancel to a large extent in the double ratio (13), we prefer to determine the form factor A + (∆) in that way. Indeed, from the above eqs. (23,24), we can get the correction,
and therefore our value for the desired pionic coupling h will be obtained via,
where in the last line we added an index q to distinguish h q from the true coupling h that is obtained in the chiral limit.
2.4ĝ and g couplings on the lattice
For a consistent chiral extrapolation of h q , we also need the couplingsĝ and g, that we discussed in our previous papers [4, 12] . With respect to ref. [12] , here we take the light quark current to be at the origin of the lattice, which helps avoiding the fact that the ratio of correlation functions becomes a sum of all possible diagonal matrix elements. Furthermore we extract the couplings from the ratios of three point correlation functions instead of three to two point functions. In short, the couplingsĝ and g are defined via
where ε µ and ε ′ µ are the polarization vectors of the vector and axial-vector heavy-light meson, respectively. To extract the above couplings from the ratios of three-point correlation functions we also computed:
which when combined with those listed in eq. (12) lead to
where we again added an index q to distinguishĝ q and g q from the true pionic coupling that are defined in the soft pion limit. To our knowledge the computation of these couplings from the ratios of three-point correlation functions alone has not been attempted elsewhere.
Lattice computation of the pionic couplings
In this section we present our numerical results. We use three sets of publicly available gauge field configurations, all obtained by using the Wilson actions. In particular, the first set of data is obtained by using the Iwasaki gauge action, while for the other two sets the standard Wilson plaquette action has been used. As for the discretized Dirac part of the QCD action, in all three sets of configurations the Wilson-Clover action was implemented to ensure the elimination of O(a) discretization effects from the lattice action. More specifically, in the first set the Clover coefficient has been set to its value obtained by using the one-loop boosted perturbation theory (c SW = 1.47), while in the other two ensembles the non-perturbatively determined Clover coefficient was used in simulations (c SW = 1.919, and 1.823, for β = 5.29 and 5.40, respectively). Obviously, in computation of the light quark propagators we used the same values of c SW used to generate the gauge field configurations with N f = 2 flavors of mass degenerate light quarks. From the set of publicly available gauge field configurations we chose those that are separated by 20 unit-length HMC trajectories. More details concerning the simulations from which the gauge field configurations used in this work have been obtained can be found in refs. [21, 22] . In tab. 1 we summarize the main details concerning the gauge ensembles used in this work. To situate the values of the lattice spacings, one can use r 0 = 0.47 fm [23] , which then translates to a −1 ≃ 2.0, 2.6 and 3.1 GeV, for our three sets of gauge field configurations respectively. It should be stressed that the value of r 0 is unphysical and is still a subject of uncertainty. For example, from simulations with twisted mass QCD on the lattice and by using the physical pion decay constant one obtains r 0 = 0.44(1) fm [24] . For our final results, the uncertainty in r 0 is unimportant as our main goal is to obtain the dimensionless pionic couplings in the chiral limit.
In tab. 1 we also give the values of
) that is used to extract A + (∆ q ),ĝ, and g, from R h , R g , and R g respectively. Besides the cancellation of the exponential terms these ratios are convenient because the sizable mass corrections to the renormalization . "NP" stands for non-perturbatively determined value, that is compared to a tadpole improved perturbative one ("TI").
constants cancel to a large extent in the ratio. More specifically, for the consistent O(a)-improvement of the Wilson quark action, the renormalization constants are improved as:
where Z ) becomes negligible. Furthermore the non-perturbatively determined value of Z in the chiral limit has been found to be very close to its value predicted by using the tadpole improved one-loop perturbation theory [25] . This can be appreciated from the numbers in tab. 1 where the non-perturbatively computed Z [26] are less than 1% larger than the corresponding tadpole improved perturbative estimate [25, 26] . In the first set instead the non-perturbative value for the ratio was deduced from the Ward identities [4] , which turns out to be very close to the perturbative result [21] . In what follows, for the first set we will use the perturbative result (TI), while for the other two the non-perturbative values will be used.
Our main results will be obtained from Set 1 of the lattice data for which we were able to compute all three couplings. With the other two ensembles the computation of g q was unstable, but the computation ofĝ q and h q is good which is why we prefer to separate the discussion of our results.
Discussion of the numerical results
We summarize our numerical results in tab. 2 that we comment in the following. The mass difference between the lowest lying (1/2) + and (1/2) − states, ∆ q = E q − E q , is obtained from the fit of the form given in eq. (19) to the two-point correlation functions computed on the lattice. All results presented in this section are obtained by using the HYP-2 2 static quark action discussed in our previous paper [12] . With other forms of the static quark actions we obtain fully compatible results with those listed in tab. 2. The benefit of using the improved static quark actions is that the signal remains good at larger time separations so that we could check that with either local or smeared sources we could obtain results that are compatible. Importantly the smearing helps to isolate the lowest lying state at shorter time separation between the source operators which is important for the studies of the three point functions. We make several tests by fitting each of the three point functions to its hadronic decomposition,
with either i, j = 1 or i, j = 2, where the coupling to smeared source operators (Z S q ) i and ( Z S q ) j are obtained from the fits to two point correlation functions. In this way we could determine the stability interval where the fit to our data lead to a stable value of A + (∆ 2 q ). That is then compared with what we obtain by using the double ratio. Another good test for the goodness of the fitting interval is to compare the effective mass plots. We fix −t x = t y = t and since the light quark axial current is fixed at the origin of the lattice, the effective mass from three point functions C P AS (t, −t) ≡ C P AS (t):
should be compatible with the sum of what we obtain from the two point functions
Since both interpolating field operators are pulled away from each other in eq. (32) by one time unit, that makes twice larger distances of the source operators in time, than it is the case with two point correlation functions obtained from eq. (33) where one source operator is kept fixed at t x = 0. After accounting for that fact we checked that for each of our lattices and for every three point correlation functions, the effective mass of three point functions is consistent with what is obtained from the two point functions. An illustration is provided in fig. 2 , which is a typical situation with the lattice data. As expected the signal for the excited [(1/2) + ] state is less good than the one for the ground static heavy-
. The values of A + (∆ q ),ĝ q , and g q are then obtained from the ratios (13) and (29) . As we mentioned above, besides the double ratios we also used the ratios with two point correlation functions similar to the one in eq. (21) to check for the consistency of the obtained results. This also helped us determine the sign of the form factor A + (∆ q ). After a detailed inspection, we fit our data between −t x = t y = t ∈ [4, 7] for A + (∆ q ), between t ∈ [3, 9] forĝ q , and t ∈ [3, 5] for g q . Finally, we should emphasize once again that all the results presented here are fully unquenched, i.e. the valence quark mass is equal to the sea quark mass.
Concerning the distribution f P AS (r), we obtain it by fitting all our data as indicated in eq. (21) on the same interval −t x = t y = t ∈ [4, 7] , and for each value of r. The result is illustrated in fig. 1 where we show both f P AS (r), and r 2 f P AS (r). In practice we also check in each situation that the sum over all lattice points indeed reproduces the result obtained by using the radial distribution. We then checked that
coincides with the value obtained from the double ratio (13), even if with a slightly larger error.
2 Like we discussed in ref. [12] , one might worry whether or not 4π obtained from the angular integration might be spoiled by the fact that we are working on the cubic lattice which, of course, is not spherically symmetric. Thanks to the fact that the radial distribution f P AS (r) is a fast decreasing function and becomes compatible with zero before reaching the lattice boundaries, the effect of the cubic lattice geometry is irrelevant. This is the case for the range of pion masses considered in this work. To illustrate that point we show that q . Illustration is provided for the lattices of Set 1, with κ sea ≡ κ q = 0.1374, and by using the HYP-2 2 static heavy quark propagator. All data points are given in lattice units. for k = 0, 1, i.e. that for larger distances the sum becomes saturated and is a good approximation to the continuum integral. I 2 above is related to the second moment of the radial distribution f P AS (r) that we will discuss later on. Illustration for the saturation of both I 0 and I 2 on the specific example of the lattice data is shown in fig. 3 .
Finally, we should comment on the values of h q given in tab. 2 that is obtained in a way discussed in subsec. 2.3, namely as:
This is quite a unique opportunity in hadronic physics that we can check for the moment expansion. To that end we expand the integrand in eq. (39) for small q z r and then by choosing q z = ∆ q we have
and after keeping the first couple of moments we see that
where the moments are
We computed the moments r 2 and r 4 and observe that the first moment alone saturates R ∆q to about 80%, while R 4 roughly coincides with R ∆q . The table of results for the moments, as well as a comparison R 4 /R ∆q is provided in Appendix of this paper.
Chiral extrapolation
To get the physically interesting couplings h, g and g we need to perform a chiral extrapolation of the results listed in tab. 2. Since our results are obtained for the pion masses not too close to the chiral limit and exhibit a rather clean linear dependence in m q ∝ m 2 π , we first attempt a linear chiral extrapolation. In particular,
Another possibility is to use the expressions derived in HMChPT [27] , in which the effects of the nearest orbital excitations has been taken into account. Those corrections read:
where, again, on the left hand side are the quantities we computed on the lattice (each carrying an index "q") and on the right hand side are the desired quantities h, g and g.
The terms ∝ m 2 π /∆ 2 q come from the inclusion of the heavy-light states of opposite parity in the chiral loops. Omitting those terms is equivalent to assuming that m π ≪ ∆, which is the approximation needed to recover the usual HMChPT formulas forĝ, and g. To appreciate the difference, we will fit our data to the form in which the terms ∝ m 2 π /∆ 2 q are omitted and the corresponding results will be labelled as "chi-1". The results obtained by using the full formulas (41) will be denoted as "chi-2". The fits are illustrated in fig. 4 , and the results are given in tab. 3.
We did not combine all the data to make the final extrapolation. Instead we prefer to give our results separately for the data in which Iwasaki gauge action has been used (Set 1), and those that are obtained from the field configurations generated by using the Set 2&3, namely:
where as a central we take the values obtained from the extrapolation "chi-1", and the difference with the results obtained through the linear extrapolation and by using the full formulas from eq. (41) are used as the systematic error estimate. We believe it is better to leave these errors as such, and let the lattice data decide the preferred extrapolation curve by investing into simulations at ever lower light quark masses. We see for example from the data in Set 2 and 3 that the results obtained from the chiral extrapolations "chi-1" and "chi-2" are practically indiscernible, which is a consequence of the fact that the pion masses explored through these simulations were lower than those in the Set 1, where the difference remains pronounced for the coupling h. The emerging pattern from our results is quite clear, g <ĝ < h. Knowing that h is rather large, its impact on the chiral extrapolation of phenomenologically relevant quantities computed on the lattice should be examined carefully. We will return to that question in a separate paper [28] . Here we will simply comment on the decay width for the S-wave pion emission in the decay of the scalar D * 0 and B * 0 -mesons . If we neglect the 1/m c,b corrections to h, then by using eq. (8) we obtain
where we took the physical masses available from PDG [32] , [32] . In the case of B * 0 -decay our results agree with ref. [11] . Before concluding we should also comment on the comparison between our results (42) and the values obtained by using the light cone QCD sum rules (LCSR) [29] summarized in ref. [30] in which also h has been computed: 
Other QCD sum rule calculations lead to similar results [31] from which we see that the LCSR values forĝ and g are by about a factor of two smaller than those obtained on the lattice. This problem persists in the case of the charmed heavy quark, as discussed in ref. [9] , while the lattice QCD results of g D * Dπ are consistent with the one extracted from the experimentally measured Γ(D * ± ) [10] . In contrast to that situation, the value of the coupling h obtained from LCSR agrees quite well with the lattice results. Finally, the results obtained in two classes of quark models discussed in ref. [16] also agree with the couplings presented here.
Summary and conclusions
In this paper we discussed the computation of the coupling of two heavy-light mesons to a soft pion in the static heavy quark limit. We focussed on the heavy-light mesons belonging to the j P = (1/2) − [L = 0], and j P = (1/2) + [L = 1] doublets. To compute the coupling that relates the heavy-light mesons belonging to two different doublets, h, one encounters a difficulty in getting to the point in which the four-momentum of the associated pion is q 2 → 0. We solve that difficulty by computing the radial distribution of the matrix element of the light quark axial current between the scalar and pseudoscalar mesons, which then allowed us to compute the suppression factor needed to convert the form factor A + (∆ 2 q ) to h q = A + (0). In addition to this coupling we also computed the axial couplings that involve the heavy-light mesons belonging to the same doublet, namelyĝ for (1/2) − states, and g for the (1/2) + ones. With all three couplings we were able to check on the chiral extrapolation in which the impact of the nearest excitations has been taken into account. All results presented in this paper are obtained from the correlation functions computed on the publicly available gauge field configurations obtained with N f = 2 dynamical light quark flavors and by using the Wilson-Clover quark action and by using the Iwasaki (Set 1) and Wilson plaquette gauge actions (Set 2 & 3). We implemented the improvement of the spectator static quark propagator (Wilson line), and from the data in which the Iwasaki action has been used we obtain: Set 1 : h = 0.71(2)(9) ,ĝ = 0.47(1)(6), g = −0.19(2)(1) ,
where we symmetrize the systematic error that comes from the chiral extrapolation. From the data obtained by using the Wilson plaquette gauge action, the results we get after combining the values of the couplings computed at two fine lattices, read: 
Impact of the results of the present paper on the chiral extrapolation of the phenomenologically interesting quantities involving heavy-light mesons as computed on the lattice, will be addressed in a separate paper [28] .
As we mentioned in the text, thanks to the fact that we were able to compute the radial distribution of the desired matrix element, we were also able to check on the moment expansion. To do se we used eqs. (37, 38, 39), and obtained the results listed in tab. 4 ), is presented in the last column. For convenience we also give the values of the orbital splitting, i.e. ∆ q = E q − E q which is practically the mass difference between the scalar and pseudoscalar static-light mesons. Three Sets of data corresponds to parameters listed in tab. 1.
